We demonstrate that with only 1 lm, equivalent bulk thickness, of crystalline silicon, sculpted into the form of a slanted conical-pore photonic crystal and placed on a silver back-reflector, it is possible to attain a maximum achievable photocurrent density (MAPD) of 35.5 mA/cm 2 from impinging sunlight. This corresponds to absorbing roughly 85% of all available sunlight in the wavelength range of 300-1100 nm and exceeds the limits suggested by previous "statistical ray trapping" arguments. Given the AM 1.5 solar spectrum and the intrinsic absorption characteristics of silicon, the optimum carrier generation occurs for a photonic crystal square lattice constant of 850 nm and slightly overlapping inverted cones with upper (base) radius of 500 nm. This provides a graded refractive index profile with good anti-reflection behavior. Light trapping is enhanced by tilting each inverted cone such that one side of each cone is tangent to the plane defining the side of the elementary cell. When the solar cell is packaged with silica (each pore filled with SiO 2 ), the MAPD in the wavelength range of 400-1100 nm becomes 32.6 mA/cm 2 still higher than the Lambertian 4n 2 benchmark of 31.2 mA/cm 2 . In the near infrared regime from 800 to 1100 nm, our structure traps and absorbs light within slow group velocity modes, which propagate nearly parallel to the solar cell interface and exhibit localized high intensity vortex-like flow in the Poynting vector-field. In this near infrared range, our partial MAPD is 10.9 mA/cm 2 compared to a partial MAPD of 7 mA/cm 2 based on "4n 2 statistical ray trapping." These results suggest silicon solar cell efficiencies exceeding 20% with just 1 lm of silicon. V C 2013 AIP Publishing LLC [http://dx
I. INTRODUCTION
One of the most important and limitless sources of energy for human consumption comes from sunlight. With the exception of nuclear energy, nearly all other sources of power in use today are derivatives of solar power in one way or another. Photovoltaic technology is a direct way to capture and harvest solar energy in real-time. To achieve high solar power conversion efficiency, one need to use advanced materials in which sunlight is almost completely absorbed over a broad wavelength range, a broad range of incident angles, and in which photogenerated charge carriers need to travel only a short distance before being collected. Silicon is the most abundant and reliable material for solar energy harvesting. However, the intrinsic absorption length for light in crystalline silicon ranges from tens of nanometers in the blue (400 nm) range to tens of centimeters in the near infrared (800-1100 nm) at photon energy below the direct electronic band gap of silicon, but above the indirect gap. Despite weak intrinsic absorption in the red to near-infrared regime, it may be possible to absorb over 90% of available sunlight in the 400-1100 nm range in thick silicon slabs (100-300 lm) using classical ray trapping concepts. However, for charge carriers generated in such thick slabs to diffuse, separate across a p-n junction and be collected by electrodes prior to recombination losses, it is necessary to use very high quality crystalline silicon. This involves relatively high cost in the production of solar cells. On the other hand, in thin film silicon structures ( 1 lm), the carrier diffusion length requirements are less stringent. The challenge remains to trap and absorb the maximum fraction of available incoming sunlight in a thin silicon film.
Most commercial solar cells now are made from wafers typically with a thickness of a few hundred microns of very pure crystalline or polycrystalline silicon. Silicon wafers are relatively expensive-about 40% of the final module cost. Therefore, there is a strong interest in designing solar cells based on thin films [1] [2] [3] with an equivalent active layer thickness of about 1 lm, with substantial reduction in the cost of energy production. However, this requires optimization of their light trapping 4, 5 and antireflective capabilities [6] [7] [8] [9] [10] [11] [12] [13] to obtain power conversion efficiencies comparable to thick silicon wafers. Moreover, light trapping in thin-films offers opportunities to surpass the performance of conventional thick solar cells through more effective carrier collection and nonlinear solar spectrum reshaping effects (up-conversion 14 and down-conversion 15, 16 ) enabled by strong light concentration effects. In this regard, the concepts of light localization 17 and photonic crystals (PCs) [18] [19] [20] provide a unique opportunity for light management in third generation solar cells. 21, 22 Solar cells consisting of thin film photonic crystals have been recently discussed in the literature. These include 1D, 23, 24 2D, 25, 26 and 3D (Refs. [27] [28] [29] periodically structured matter. One practical 2D photonic crystal architecture consists of a periodic array of nanowires. [30] [31] [32] [33] Silicon nanowire photonic crystals exhibit some light trapping effects caused by multiple scattering. Another advantage of nanowires comes from the use of a radial P-N junction geometry. This leads to rapid separation of electrons and holes throughout the active, light-absorbing region, thereby reducing recombination losses. However, straight cylindrical nanowires are not optimized for either light-trapping or antireflection behavior. 34, 35 A traditional way to minimize reflection from a thick silicon solar cell is to texture the surface with pyramids or cones. [6] [7] [8] [9] [10] [11] [12] [13] In the long wavelengths limit, the textured coating behaves like a graded index film. Choosing special graded index profiles in the form of polynomial or exponential shape functions 6 allows control of the rate of the reflectance. In the short wavelength limit, reduced reflection can be understood using geometrical ray optics. 6, 12, 13 It was shown that ideal square pyramids (with no gaps between pyramid bases) exhibit exponential decrease in reflection with height. 6 Antireflective properties of textured coatings have been also investigated for a wide range of size-to-wavelengths ratios by direct numerical solution of Maxwell's equations and compared with results obtained by effective medium theory and ray tracing in the longand short-wave limits, respectively. 6 In the visible range, optimal anti-reflection is achieved when the lateral size of each pyramid and texture period is of the order of the wavelength.
While optimal anti-reflection at the top surface of a solar cell is crucial to its performance, light trapping below the surface is important for those wavelength where the intrinsic absorption length scale is long compared to the film thickness. In the geometrical ray optics limit, it was suggested 36, 37 that significant light trapping could be achieved by total internal reflection, if incoming light rays are scattered at an oblique angle by the top surface. Such rays would have a long dwell time (long path length) within the film and be absorbed. In this ray optics picture, a statistical ray trapping and absorption "limit" was postulated 36 using various questionable assumptions. Given the fact that these assumptions do not apply to microstructures such as photonic crystals, we argue that no such limit in fact exists. Instead, we will refer to this "limit" as a benchmark. The first of these assumptions is that top surface of the cell possess perfect anti-reflection behavior at all wavelengths of incoming light. The second assumption is that the top surface (taken to be randomly textured) scatters light in a statistically random direction (with a probability density proportional to the cosine of the angle relative to normal) throughout the lower hemisphere of possible wave vectors, for all wavelengths, of incoming light. The third assumption is that the top surface of the solar cell (taken previously to be randomly textured and perfectly anti-reflecting to incoming light) can at the same time provide perfect total internal reflection for all internal light rays beyond a fixed critical angle and perfect escape of light within the critical angle. Although no real material surface can satisfy these assumptions, even in principle, the statistical ray trapping arguments has provided a valuable benchmark for absorption of light in textured solar cells designs. A more detailed discussion of this benchmark is given in Sec. IV below.
Violations of the assumptions underlying the statistical ray trapping limit are particularly pronounced in microstructures with features (or overall thickness) comparable to the wavelength of light. For example, it has been demonstrated that certain PCs exhibit the phenomenon of parallel-to-interface refraction (PIR). 38 Here, light from a broad range of incident angles is refracted into small set of oblique angles, nearly parallel to the air-PC interface. This is distinct from the statistical ray trapping assumption that refracted rays are distributed over the lower hemisphere of possible wave vectors with a Lambertian 39 probability. In a semi-infinite PC, the PIR effect is accompanied by an enhanced electromagnetic density of states. In a finite thickness PC film, this is manifested in a large density of high quality factor optical resonances. It was shown 38 that when the resonant optical cavity dwell time is matched to the intrinsic absorption time of the underlying material, 100% of the incoming light at the specific frequency of the resonance could be absorbed. This leads to absorption beyond the statistical ray trapping limit at specific wavelengths.
Despite the advantages of photonic crystal based light trapping relative to simple statistical ray trapping (by total internal reflection), it has not previously been demonstrated that absorption in a photonic crystal thin film could exceed the benchmark suggested by statistical ray trapping, when integrated over the entire solar spectrum, using the same amount of silicon. The statistical ray trapping limit has only been surpassed previously in narrower frequency windows. 40 In a recent, modulated silicon nano-wire design 34 (that facilitates both photonic crystal light-trapping and graded-index anti-reflection), strong optical cavity resonances enabled absorption beyond the statistical ray trapping limit at numerous wavelength in the red to near infrared regime. However, the integrated absorption over the entire wavelength range from 400 to 1000 nm fell short of the absorption limit from statistical ray trapping. Using 1 lm in equivalent bulk thickness of silicon, the modulated silicon nanowire PC in a SiO 2 background, exhibited a maximum achievable photo-current density (MAPD) of 27.17 mA/cm 2 in the range of 400-1100 nm. 34 This is slightly below the hypothetical ray trapping benchmark of 31.2 mA/cm 2 . On the other hand, using modulated radial P-N junction and appropriate choice of contacts position, one can achieve 15% power conversion efficiency for modulated Si nanowires. 35 In this paper, we present a silicon photonic crystal architecture that traps and absorbs light over the entire solar spectrum in excess of hypothetical statistical ray trapping benchmark. Our architecture, consisting of a square lattice of slanted conical nanopores in Si filled with SiO 2 , combines the effects of graded index anti-reflection and photonic crystal light trapping. With only 1 lm (equivalent bulk thickness) of crystalline silicon and a silver back-reflector, our PC provides a MAPD of 35 2 over the integrated wavelength range of 300-1100 nm. Our structure provides a potential 25% improvement in the power conversion efficiency of the best available tapered/modulated nanowire designs. 35 This suggests power efficiencies in the range of 20% may be possible for single-junction silicon solar cells using only 1 lm of crystalline silicon. In Sec. II, we describe our method of calculation. In Sec. III, we compare the MAPD of cylindrical pore, straight conical pore, and slanted conical pore photonic crystal geometries. In Sec. IV, we demonstrate that our slanted conical pore PC surpasses previously proposed statistical ray trapping limits. In Sec. V, we demonstrate the good angular response of our architecture for light incident from off-normal directions. In Sec. VI, we make concluding remarks.
II. METHOD OF SIMULATION
Numerical simulations were performed using the finitedifference time-domain (FDTD) method 41 with the help of the Electromagnetic Template Library. 42 We use a standard scheme of the FDTD calculation in which propagation of a wave impulse through the structure is modeled. During the numerical experiment, the amplitudes of the reflected and transmitted waves were recorded, transformed to the frequency domain, and normalized by the incident spectrum. In this way, we obtain directly the transmission TðxÞ, reflection RðxÞ, and indirectly the absorption AðxÞ ¼ 1 À TðxÞ À RðxÞ coefficients for given light frequency x, incident angle, and polarization. The absorption coefficient was also independently and directly evaluated using the formula:
Here, x is an angular frequency, E is the electric field amplitude calculated at each point of a computational grid located within silicon, e is the frequency-dependent and complex dielectric permittivity of silicon, E 0 and H o are electric and magnetic vectors of the incident plane wave, n is a normal unit vector, and the superscript * indicates the complex conjugate. Both the direct and indirect methods for calculating the absorption give identical results.
The MAPD, in which all generated carriers are assumed to be collected, is calculated by integrating the simulated absorption with incident solar Air Mass 1.5 Global Spectrum 43 intensity IðkÞ over the required wavelength range. Assuming that each absorbed photon translates into a single electron-hole pair that is separated across a P-N junction and collected without recombination losses, we obtain the maximum achievable short circuit current for AM 1.5 solar spectrum in the spectral window [k min ; k max ], all collimated into normal incidence
Here, IðkÞ is the incident AM 1.5 light intensity, A(k) is the absorption coefficient obtained according to Eq. (1), h is Planck's constant, e is the electronic charge, and c is the speed of light.
We use a subpixel smoothing technique 44 to eliminate any staircase effect caused by rectangular FDTD mesh. This technique significantly improves FDTD accuracy for arbitrary shaped structures. To reduce numerical reflection from the artificial absorbing perfectly matched layers (PMLs), 41 additional back absorbing layers technique is used. 45 We also consider the AM 1.5 solar spectrum collimated at offnormal incidence. Oblique incidence of a plane wave on the structure is modeled by the iterative FDTD algorithm. 46, 47 The experimental data on the silicon dielectric permittivity is taken from Ref. 48 . The frequency dependence e(x) is assigned in FDTD by considering a modified Lorentz model where dielectric polarization depends both on the electric field and its first time derivative. 49 This model provides an accurate fit of the optical response of bulk crystalline silicon to sunlight over the wavelength range from 300 to 1100 nm, while conventional Debye, Drude, and Lorentz approximations fail. Fitting of silicon dielectric function is found with the help of open MATLAB program.
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III. MAXIMAL SHORT-CIRCUIT CURRENT CALCULATION
The MAPD is an alternative measure of the total amount of AM 1.5 sunlight absorbed in a given structure. For 100% absorption of sunlight in the range of 400-1100 nm, the MAPD corresponds to 42.1 mA/cm 2 . For ranges of 350-1000 nm and 300-1100 nm, the MAPD is 43.1 mA/cm 2 and 43.5 mA/cm 2 , respectively.
For calibration purposes, we begin the optimization process for the short circuit current of solar cells from the absorption characteristics of a free-standing bulk silicon slab with the thickness of 1 lm. Calculating the absorption coefficient and using formula (2) in the spectral range of 400-1100 nm, we obtain the MAPD of J ¼ 7.9 mA/cm 2 . In other words, less than 20% of the AM 1.5 sunlight in the 400-1100 nm is absorbed. The overall absorption spectrum at normal incidence, exhibiting a number of Fabry-Perot resonances, is shown in Fig. 1 .
This simple solar cell architecture lacks adequate light trapping and antireflective properties. The majority of the incident light is transmitted or reflected rather than absorbed. Consequently, only a maximum of 60% of sunlight at a FIG. 1. Absorption spectrum for free standing bulk silicon thin film with thickness of 1 lm with no metallic back-reflector.
wavelength near 500 nm is absorbed and a dramatic drop in absorption occurs for all wavelengths longer than 700 nm. As discussed earlier, a number of micro-and nano-structured geometries have been proposed to increase absorption.
In the present paper, we focus our attention on inverted structures consisting of a periodic array of holes in bulk silicon. We suggest that conical pores are highly advantageous since they provide an effective graded average refractive index to incoming sunlight and therefore exhibit stronger antireflective properties in comparison with their straight counterparts. However, for calibration, we first consider light impinging (at normal incidence) on a square lattice of cylindrical holes in bulk silicon filled with glass (refractive index n ¼ 1.45). The optimization process is as follows: for a given geometry, we calculate (using FDTD) the absorption spectrum for different radii and lattice constants to determine the maximal short circuit current defined by Eq. (3). The result in the case of an equivalent bulk thickness of crystalline silicon of 1.5 lm is shown in Fig. 2 . Here, the photonic crystal slab rests on a semi-infinite glass substrate with no metallic back-reflector. The maximal short circuit current obtained is J ¼ 19.5 mA/cm 2 for the optimized choice of lattice constant a ¼ 550 nm and cylinder radius r ¼ 200 nm. It is interesting to note here that the MAPD obtained for optimized cylindrical nano-pores is slightly less than the corresponding MAPD for cylindrical nano-wires. It was demonstrated earlier 34 that with only 1 lm of silicon sculpted into the form of a square lattice photonic crystal with a ¼ 350 nm and r ¼ 80 nm (embedded in a glass background and sitting on a glass substrate) that the MAPD reaches 20.7 mA/cm 2 . This advantage of nano-wires over nano-cones is lost, however, when vertical shape modulation of the pores/wires are introduced.
The optimization made for the same parameters with air filling of cylindrical holes gives a MAPD of J ¼ 22.3 mA/cm 2 due to reduced reflection and better coupling of the incident light to waveguide modes of the 2D photonic crystal slab. A closely related 3D PC geometry consists of two slanted cylindrical pores filled with glass in each unit cell criss-crossing at 90 to form a simple-cubic silicon woodpile structure. We obtained a MAPD of J ¼ 20.5 mA/cm 2 , providing only a small improvement relative to vertical pores. More sophisticated geometries based on several cylindrical pores in an elementary cell and various angles between pores did not yield substantial improvement to the absorption coefficient.
Architectures based on cylindrical straight holes suffer from significant reflection losses. Anti-reflection behavior requires a smooth gradient of the dielectric permeability in the direction of light propagation. This graded index can be realized using conical rather than straight pore arrays. We show below that by using suitable conical pore silicon photonic crystals, with an equivalent bulk thickness of only 1 lm, it is possible to trap and absorb more sunlight than in the thicker (1.5 lm) cylindrical pore photonic crystals discussed above.
In Fig. 3 , we present a map for MAPD optimization using an array of conical (vertical) holes in bulk silicon arranged in a square lattice. Sunlight is assumed collimated at normal incidence and the silicon pores are filled with glass (n ¼ 1.45). This structure is assumed to sit on semi-infinite silica substrate with no back-reflector. Maximal short circuit current obtained is J ¼ 24.1 mA/cm 2 , using only 1 lm of silicon. This is 20% more than in the optimized design with cylindrical pores, using 1.5 lm of silicon.
The most remarkable structure considered in this paper is a photonic crystal consisting of slanted conical pores. In Fig. 4 , we present a map of MAPD optimization.
Maximal short circuit current obtained for the structure depicted on the inset of Fig. 4 is J ¼ 25.7 mA/cm 2 . This is 6% better than the structure with vertical pores due to the . Maximal short circuit current obtained is J ¼ 24.1 mA/cm 2 in the spectral range of 400-1100 nm. The design is highly robust and nearly the same MAPD is possible in a range of parameters 300 nm < r < 600 nm and 600 nm < a < 1000 nm. The elementary cell of the structure is shown in the inset. Regions 1, 2, and 3 indicate infinite glass substrate, silicon, and cone filled with glass, respectively. stronger antireflection properties. This interpretation is supported by the reflection coefficients obtained for a related geometry. We consider two structures consisting of air cones in a semi-infinite substrate, one with vertical cones and the other with slanted cones. In order to exclude the influence of absorption influence and light trapping, we consider a hypothetical substrate material with a purely real refractive index n ¼ 3.5 and no absorption. The comparison of reflection is presented in Fig. 5 . Fig. 5 depicts that slanted conical pores in bulk (nonabsorbing) silicon exhibits strong antireflective properties causing less than 3.5% reflection throughout the relevant solar spectrum. Therefore, slanted cones are preferable to their vertical counterpart. We also studied the sensitivity of this structure to geometrical variations. We found that for non-overlapping conical pores with r ¼ 425 nm and a ¼ 850 nm the MAPD is slightly reduced to J ¼ 24.5 mA/ cm 2 . In addition, it was shown that fabrication errors of 650 nm in radius or lattice constant do not substantially degrade the anti-reflective behavior.
The overall light absorption in our slanted conical nanopore photonic crystal, without any back-reflector, is very similar in magnitude to previously studied modulated silicon nanowire photonic crystal. 34 A strong radial modulation near the bottom of nanowires provided strong back-reflection of near-infrared light. For those nanowires, the addition of a metallic reflector provided only a small improvement in overall light absorption. The situation is very different for our conical nano-pore PC, where substantial transmission of long wavelength light occurs into the SiO 2 substrate below. Unlike the case of nanowires, a substantial improvement in the MAPD is realized by including a metallic back-reflector to the conical nano-pore photonic crystal.
By adding a back-reflector made of some low-loss material such as silver at the bottom of our conical nano-pore array, transmission through the structure is eliminated and only leakage of light from the top surface needs to be addressed. The thickness of the backreflector should be larger than a skin depth of the relevant metal. Accordingly, we choose the back-reflector to be 100 nm thick. The physical explanation of the absorption enhancement in the presence of a back-reflector is the stronger coupling of incident light to parallel-to-interface waveguide modes formed by the nano-cones array. Our light trapping scheme relies on the ability of this structure to diffract/refract incident light into slow group velocity modes that travel nearly parallel to the silicon air interface. The silver back-reflector couples light (that would otherwise be transmitted) into these modes as well.
In order to elucidate the nature of light trapping in the wavelength range of 850-1100 nm, we calculate energy density and Poynting vector distribution in our structure. First, in Fig. 6 , we present an absorption spectrum for a freestanding, silicon slanted nano-cone array filled with air. To make the picture more clear and energy flow more pronounced, we also remove the back reflector, thereby avoiding multiple reflections at the bottom of our silicon photonic crystal.
Absorption peaks in Fig. 6 in the wavelength range of 1000-100 nm are attributed to strong light trapping since the intrinsic absorption of silicon is very weak. We focus on the absorption peak marked with arrow 1 (corresponding to the wavelength 1027 nm). In Figs. 7 and 8, Poynting vectors and energy density distribution for this peak are plotted in projections onto two orthogonal planes. Fig. 7 corresponds to a slice passing through the center of the cone showing its asymmetric slant. Fig. 8 corresponds to a perpendicular slice (see the inset) again passing through the center of the cone, but showing a symmetric profile.
Figs. 7 and 8 reveal that the light trapping in our structure occurs through the energy flow parallel to the air-silicon interface but strongly augmented by circulation in certain areas. The energy density distribution shows high intensity peaks mostly concentrated in the silicon region where the Poynting vector exhibits vortex-like circulation patterns. This circulation enhances the dwell time of light in the thinfilm. Similar slices at different wavelengths corresponding to minima in the absorption reveal an energy density that is less intense and more concentrated within the interior part of the cones.
In order to enhance deflection of sunlight into parallelto-interface modes, we add a hemispherical modulation in the glass packaging on the top of solar cell (see the inset and parameters in Fig. 9 ). This modulation takes the form of a part of a sphere with a larger radius than the top of the SiO 2 cone. The simulation of the maximum achievable short circuit current in the spectral range of 400-1100 nm for a slanted nano-pore PC in bulk silicon with a perfect conducting reflector and modulated SiO 2 packaging on the top gives the MAPD of J ¼ 31.8 mA/cm 2 for a flat top and J ¼ 32.6 mA/cm 2 in a presence of modulation. We confirmed these numbers by calculating the volume integral (1). The result is the same as the indirect absorption inferred from FIG. 7 . Orthogonal slice for Poynting vector and the energy density distribution in a free-standing bulk silicon film for a resonance at wavelength of 1027 nm. Energy flow exhibits circulation between the high intensity regions (dark red) in addition to overall "parallel-to-interface flow." The inset indicates the computational domain (cutting slice) at the center in a plane of cone inclination. Green lines show the projection of the cone to this plane. All geometrical parameters are the same as in Fig. 4 : r¼ 500 nm, a ¼ 850 nm. The color bar on the right hand side indicates a ratio E2s/E2w, where Es and Ew are electric fields in the structure and in the incoming plane wave, respectively. These fields are obtained during the numerical experiment and transformed to the frequency domain. A factor of more than 100 intensity enhancement is apparent in specific hot spots. reflection. When the perfect conductor is replaced by a realistic silver back-reflector, the MAPD of the fully packaged structure drops from 32.6 mA/cm 2 to 32.3 mA/cm 2 in the spectral range of 400-1100 nm.
In Fig. 9 , we present a comparison of reflection obtained for vertical vs. slanted nano-cones arrays including a realistic silver back-reflector and a glass modulation on the top. We see that the slanted-cones array give a substantial reduction of a reflection coefficient in the spectral range of 800-1100 nm in comparison with its vertical counterpart.
The MAPD of J ¼ 32.6 mA/cm 2 obtained for slanted conical nanopores filled with SiO 2 with a perfect conductor can be improved by removing the SiO 2 packaging and simply filling the nanocones with air and no texturing on the top. Since the majority of published literature quotes solar cell absorption characteristics without any SiO 2 packaging, we discuss how the performance of our architecture improves in the absence of packaging. However, such a packaging may be essential for passivation of electronic surface states and overall stability and reliability of the solar cell. Due to a better index-matching and improved anti-reflection, we obtain MAPD J ¼ 34.2 mA/cm 2 in the spectral range of 400-1100 nm, and the MAPD J ¼ 35.5 mA/cm 2 in the spectral range of 300-1100 nm.
IV. COMPARISON TO STATISTICAL RAY TRAPPING
In this section, we present a detailed comparison of our solution of Maxwell's equations in the slanted conical nanopore photonic crystal with the statistical ray trapping benchmark for a solar cell with the same equivalent bulk thickness (1 lm) of silicon. Numerical results of this comparison are presented in Fig. 11 . However, in order to clarify the nature of the ray trapping picture, we present a brief derivation of its content. In the ray trapping picture, the wave nature of light is ignored for the most part (except for the requirement of total internal reflection).
Consider a slab of solid material, with uniform refractive index n, of thickness L, placed on a perfectly reflecting flat mirror plane (Fig. 10(a) ).
The top surface of the slab is assumed to be rough and possess three remarkable hypothetical properties:
The surface causes no reflection of incoming light.
The surface causes total internal reflection of light for light propagating at an angle (relative to the normal) greater than a critical angle h c (where sinh c ¼ 1/n) but allows perfect escape of internal light at angles less than h c . (iii) The surface is rough and causes both incident light and total internal reflected light to be randomly redirected into an angle h with respect to the normal within the slab with a probability distribution g(h).
In order to simplify the discussion we replace the above slab (with perfect mirror) with a mathematically equivalent free-standing slab of thickness 2L. The equivalent freestanding slab (Fig. 10(b) ) has both top and bottom surfaces with properties (i)-(iii).
When internal light (with unknown, random angle) impinges on a surface, it is assigned a probability, p, to escape the slab (into air). This probability is defined by the fraction of light within the solid angle of the escape cone (defined by the condition of total internal reflection) relative to the total light within the solid angle 2p propagating toward the surface (Fig. 10(c) )
In the case of so-called "Lambertian surface" [39] , the normalized probability density is given by gðhÞ ¼ 1 p cos h; 0 h p=2. In this case, an elementary integration of Eq. (3) yields the result that p ¼ 1/n 2 . According to the assumed properties (ii) and (iii) it follows that light can make multiple "bounces" within the slab (of thickness 2L) before escaping. We define, m, to be the number traversals of light across the thickness 2L and G(m) to be the probability that light will make precisely m FIG. 10. (a) -(c) Geometry for statistical ray trapping: (a) A slab of solid material, with uniform refractive index n, of thickness L, placed on a perfectly reflecting flat mirror plane and hypothetical rough top surface with zero external reflection but "perfect" internal reflection, (b) the mathematically equivalent free-standing slab of thickness 2L has both top and bottom surfaces with properties (i)-(iii) (see text), (c) the escape cone from total internal reflection. For a Lambertian internal probability distribution of light propagation, the escape probability p ¼ 1/n2.
FIG. 11.
Comparison of the absorption spectrum obtained for slanted conical nano-pores photonic crystal without SiO 2 packaging (see the inset) with the Lambertian statistical ray trapping limit (5) . All geometrical parameters are the same as in Fig. 6 . The elementary cell of the structure is shown in the inset. Regions 1, 2, 3, and 4 indicate infinite glass substrate, silver backreflector, silicon, and cones filled with air, respectively. traversals before escaping. Clearly G(1) ¼ p since this is the condition that light escapes after just one traversal.
mÀ1 since this is the condition that light does not escape in the first m À 1 attempts but finally does escape on the m th attempt. It is easy to verify that P 1 m¼1 GðmÞ ¼ 1. The average number of traversals of light across the slab is given by hmi P 1 m¼1 mGðmÞ ¼ 1=p. According to assumption (iii), upon each internal reflection, light is redirected into a random angle h and so each traversal corresponds to a path length of 2L/cosh. It follows that the average traversal length on a single pass (through the freestanding slab of thickness 2L) is given by
Again, assuming Lambertian statistics, gðhÞ ¼ 1 p cosh; the above integral reduces to L avg ¼ 4L. It follows that the overall characteristic path length for multiple internal reflections is given by
L. This is precisely the length scale alluded to in the previous literature 46 on statistical ray trapping and referred to as the Lambertian or "4n 2 limit."
We note, here, that the limit derived above is somewhat arbitrary. Any real surface will almost certainly violate aspects of assumptions (i) and (ii). More importantly, the photonic crystal surfaces that we consider violate the assumption of Lambertian probability density for light propagation within the slab. An important example is a photonic crystal exhibiting the phenomenon of PIR. 34, 38 Here, the probability density g(h) is highly peaked in a direction closer to p/2. In the above analysis, this would greatly reduce the escape probability p and increase the average single pass traversal length L avg . Moreover, Bragg scattering effects would cause multiple bounces of light even within a single traversal of the slab. Consequently, there is simply no "4n 2 limit" in such a microstructured slab.
Given the characteristic trapping length scale L trap for the non-absorbing medium, we can define the benchmark absorption coefficient for statistically trapped light when the slab is also endowed with characteristic absorption length l abs . Following Ref. 52 , the temporal rate of escape of light is given by v/L trap , where v ¼ c/n is the speed of light in the slab, and the temporal rate of absorption is v/L abs . Since light must either be absorbed in the slab or escape the slab, it follows that the probability of absorption, A, is the ratio of the absorption rate to the rate of both absorption and escape combined: A ¼ (1/L abs )(1/L abs þ 1/L trap ). The probability of absorption can be identified with the fraction of incident light that is actually absorbed. Introducing the intrinsic absorption coefficient a 1/L abs of the material, it follows that
We obtain the benchmark absorption profile discussed earlier 52 by setting L trap ¼ 4n 2 L. Here n ¼ 3.5 is the real part of refractive index of silicon, a ¼ 4pk/k is the absorption coefficient (where k is an imaginary part of the refractive index of silicon), and L is the thickness of silicon. The reference curve (solid green line referred to as the Lambertian limit) in Fig. 11 , for "4n 2 light trapping" is obtained by inserting the experimentally measured values of a for crystalline silicon. Using Eq. (3) and substituting it into Eq. (2), we obtain J ¼ 31.2 mA/cm 2 for the Lambertian limit in the spectral range of 400-1100 nm and equivalent bulk thickness of silicon L ¼ 1 lm.
The arguments leading to Eq. (5) for statistical light trapping were originally intended for conventional slabs where the light absorbing region is typically much thicker than the average wavelength. 36 For nano-photonic films with thicknesses comparable to or smaller than the wavelength, the ray-optics picture and many of the key assumptions in the statistical ray trapping picture are no longer applicable and the Lambertian limit can in principle be surpassed. 40 In Fig. 11 , we show how the absorption calculated for the case of air cones exceeds the Lambertian limit over a broad spectral range of 300-1100 nm resulting in a 10% enhancement relative to the MAPD calculated using Eq. (5).
The MAPD of J ¼ 34.2 mA/cm 2 achieved for the structure with a perfect conductor backreflector and no SiO 2 packaging shown in the inset of Fig. 11 for the spectral range of 400-1100 nm is very close to the short circuit current (J ¼ 34.6 mA/cm 2 ) obtained using twice the amount of silicon by Wang et al. 51 These authors consider a more complicated structure based on double-sided design where the top and bottom surfaces of a silicon slab are textured with cones with an equivalent bulk thickness of 2 lm as well as a perfect back-reflector. The fabrication of this two-sided nano-structure involves more technological steps than our photonic crystal that can be generated using nano-imprint lithography techniques. 50 They also consider the broader spectral range of 300-1100 nm. Our structure using half the amount of silicon yields the MAPD of J ¼ 35.5 mA/cm 2 in the extended spectral range of 300-1100 nm. In real solar cells, however, the near ultraviolet spectral range of 300-400 nm may not be accessible when the silicon is encapsulated and packaged with SiO 2 .
V. ANGULAR RESPONSE OF MAPD
A vital aspect of solar cell performance is the ability to absorb sunlight at off-normal incidence for both polarizations, over a wide angular range. In Fig. 12 , we present the angular distribution of the MAPD for the unit cell geometry depicted in the inset with a perfect conducting backreflector and SiO 2 packaging for the spectral range of 400-1100 nm. For each incidence angle Õ and each polarization channel, it is assumed that the entire AM 1.5 solar spectrum is collimated in that specific angle and channel. Fig. 12 demonstrates that no substantial degradation in the MAPD occurs at least up to h ¼ 50 for various directions of incidence. Both polarization channels yield strong off-normal MAPD characteristics, with p-polarization exceeding s-polarization MAPD for angles of more than 20 from normal incidence. Also in Fig. 12 , we provide a comparison for the angular response between slanted cones and vertical cones. Clearly, the slanted cone nano-pore geometry is preferable to vertical cones over a broad angular range.
VI. CONCLUSION
In conclusion, we have demonstrated the efficacy of a silicon photonic crystal solar cell architecture with combined anti-reflection and light trapping properties. Our structure exhibits remarkable resonances in a spectral range of 800-1100 nm where light trapping occurs through a combination of energy flow parallel to the air-silicon interface and strong Poynting vector circulation in certain high intensity hot spots. This circulation enhances the dwell time of light in the thin-film over and above previously described parallelto-interface refraction effects. 34, 38 With only 1 lm equivalent bulk thickness of silicon, our structure yields a MAPD of J ¼ 35.5 mA/cm 2 over the spectral range of 300-1100 nm, prior to packaging in SiO 2. With the addition of SiO 2 packaging, this MAPD drops to 32.6 mA/cm 2 in the spectral range of 400-1100 nm. Both of these values are in excess of the so-called Lambertian (4n 2 ) statistical ray trapping benchmark. In the spectral range from 800 to 1100 nm, we find a 25% increase in optical absorption relative to the 4n 2 benchmark. When the perfect conductor is replaced by a realistic silver back-reflector, the MAPD of the fully packaged structure drops from 32.6 mA/cm 2 to 32.3 mA/cm 2 in the spectral range of 400-1100 nm. We also calculated the variation of the MAPD with the angle of incidence of sunlight. Excellent solar absorption was found over a broad angular range of 0 -50 . Our results provide a graphic illustration that thin film photonic crystal can absorb more light than anticipated by conventional statistical ray trapping arguments. This occurs due to the enhancement in the effective path length of light due to the scattering within the photonic crystal microstructure and by a modification of the internal probability distribution of light flow directions, from that of a Lambertian distribution.
Unlike previously studied modulated nanowire photonic crystals 34 that were relatively insensitive to the inclusion of a metallic back-reflector, the absorption characteristics of our nano-pore PC is substantially improved by using a backreflector. This leads to the MAPD that is roughly 20% better than is possible with an optimized nano-wire array.
The power conversion efficiency of our design is obtained by solving both Maxwell's and the semiconductor drift diffusion equations. 35 This takes into account the effect of the large surface area of our photonic crystal and the consequences of non-radiative recombination of carriers. 35 Using optimal junction and contact positions and including bulk and surface recombination losses, we find (using standard Si-SiO 2 surface and metal contact recombination velocities), solar power conversion efficiencies of at least 17.5% can be obtained for a carrier diffusion length of just a few microns. [53] [54] [55] This is an improvement compared to the 15% efficiency reported in optimized nanowire arrays with 1 lm of silicon. 35 This efficiency can be greatly improved if recombination at the metal contacts is reduced to the level found at our extensive Si-SiO 2 interface. Moreover, the very strong light intensities provided by our light trapping mechanism may be ideal for nonlinear upconversion of light at energies below the electronic band gap of silicon. Our numerical results suggest that there is a substantial opportunity for further efficiency enhancement of nanostructured solar cells. In future work we are planning to optimize power conversion efficiency of our conical pore photonic crystal solar cell. For this purpose, we are going to combine Electromagnetic Template Library, 42 used in presented here optical simulations, and Microvolt software for 3D semiconductor device modeling. 56 These two software packages are designed to support coupled electromagnetic and electrical modeling of solar cells. Angular response of solar cell with a geometry shown on the inset with a perfect conducting backreflector and SiO 2 packaging for the spectral range of 400-1100 nm. All geometrical parameters are given in Fig. 9 . Vectors k1 and k2 indicate directions of the incident wave in the plane of cone inclination and the vector k3 corresponds to the wave incidence in a plane perpendicular to the plane of cone inclination.
